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Time-dependent receiver extension for full-waveform inversion:
An alternative extension method for cycle-skipping mitigation
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ABSTRACT

Extension strategies for full-waveform inversion (FWI)
rely on introducing additional degrees of freedom to the
FWI problem, which expands the search space. This search
space extension helps by relaxing the nonconvexity of the
problem and thereby alleviating the cycle-skipping issue.
The receiver-based extension strategy introduces the receiver
position as the additional degree of freedom to FWI to
improve the fit between the observed and calculated data
at early iterations. This helps circumvent the cycle-skipping
phenomenon. In this study, we make this receiver position
time dependent, meaning that the receiver positions vary as
a function of the acquisition time. The resulting mathematical
problem is a two-nested-loop minimization, where the outer
loop is the conventional FWI loop to update the subsurface
mechanical parameters and the inner loop aims at finding the
optimal time-dependent virtual receiver positions. This inner-
loop problem is heavily nonlinear and nonconvex. Finding the
global minimum is therefore a challenging task. To do so, we
use a computational intelligence technique, particle swarm
optimization (PSO). PSO makes it possible to thoroughly ex-
plore the search space with few iterations. Numerical experi-
ments using a North Sea exploration 2D synthetic model,
starting from crude initial models, illustrate that the method
is robust and very easy to tune.

INTRODUCTION

Full-waveform inversion (FWI) is a high-resolution seismic
imaging technique that aims to reconstruct subsurface
parameters using full seismic waveforms. From a mathematical

standpoint, FWI is formulated as a partial differential equation
(PDE)-constrained optimization problem, where the optimality cri-
terion is the fit between the observed and the calculated data sets.
This constrained optimization problem is solved iteratively using
gradient-based approaches. The synthetic data, which are computed
in a given initial model (using a wave equation operator), are con-
ventionally compared with the observed data in the least-squares
sense. That is, the L? norm of the difference between the observed
and synthetic data sets is referred to as the misfit. The model is then
updated in a manner that reduces this misfit. However, the L? misfit
function is nonconvex, meaning it contains numerous local minima.
Therefore, gradient-based (local) optimization strategies might fail
to converge to a meaningful solution. This occurs when the initial
model is not sufficiently accurate, causing the calculated data to be
shifted in time by more than half the dominant period with respect
to the observed data (Virieux and Operto, 2009). This time shift
between the two data sets is driven by the long wavelength (smooth)
part of the velocity model (Jannane et al., 1989). This long wave-
length part of the model controls the kinematics of the seismic data.
Starting from an initial velocity model that does not contain the cor-
rect long wavelength velocity structure, which gives rise to a time
shift larger than half the dominant period, causes FWI to converge
to a local minimum. This is the well-known cycle-skipping issue,
and it stems from the oscillatory nature of the seismic data.
Numerous strategies have been developed to circumvent this is-
sue, such as multiscale approaches. In this framework, the inversion
can be performed from lower to higher frequencies (Bunks et al.,
1995; Sirgue and Pratt, 2004); starting from lower frequencies re-
sults in broader phases, the support of which is likely to overlap,
decreasing the apparent shift between the observed and calculated
data. The inversion also can be done from narrower to wider offsets
(Shipp and Singh, 2002; Brossier et al., 2009) because the shorter
the offset, the less is the time shift. This can be done in combination
with time windowing, considering first the earlier events and
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increasing this time window when the frequency and offsets are in-
creased as the model estimate improves. These strategies rely on the
availability of low frequencies and large offset in the data, which is
not always possible. Furthermore, they require heavy human inter-
vention, making the FWI process less automatic.

More recent advances suggest different strategies to overcome the
cycle-skipping issue by reformulating the FWI problem. We divide
these strategies into two categories. The first one relies on using
alternative misfit functions instead of the conventional L? norm.
The second introduces additional degrees of freedom to the FWI
problem to relax the nonconvexity. The strategies that fall into the
first category use different metrics to measure the distance between
the observed and calculated data. These alternative misfit functions
can exhibit improved convexity compared with the L? misfit func-
tion. They can be based on crosscorrelation (Luo and Schuster, 1991;
van Leeuwen and Mulder, 2010), deconvolution (Luo and Sava,
2011; Guasch et al., 2019; Yong et al., 2022), instantaneous envelope
(Bozdag et al., 2011; Wu et al., 2014), dynamic time warping (DTW)
(Ma and Hale, 2013), or optimal transport distances (Métivier et al.,
2016, 2019; Yang et al., 2018b), to cite a few.

The second category encompasses strategies that rely on intro-
ducing additional degrees of freedom to the FWI problem. This
is done to help relaxing the nonconvexity by fitting the calculated
data to the observed data when the model estimate is poor. The strat-
egy presented in this study belongs to this class of methods. The
additional degrees of freedom can be introduced in the model space,
giving the so-called model extension strategies. These methods rely
on the assumption of scale separation between the background
model and the reflectivity model in a similar fashion as reflection
waveform inversion methods (Brossier et al., 2015; Yao et al.,
2020). This is achieved during the image volume construction,
introducing horizontal subsurface offsets or time lags as the addi-
tional degrees of freedom in the imaging condition. This depth-ori-
ented workflow represents the so-called migration velocity analysis
(MVA) or Inversion Velocity Analysis (IVA) algorithms, where it is
potentially possible to fit the observed data in an incorrect back-
ground model (Biondi and Sava, 1999; Symes, 2008; Mulder,
2014; Biondi and Almomin, 2014; Chauris and Cocher, 2017).
These extension approaches are commonly solved using a nested
optimization approach: an inner loop updates the reflectivity in a
given background model in a migration process, while the outer
loop updates the background model according to some focusing cri-
terion. Recently, FWI with Model Extension (FWIME) has been
introduced, it replaces the outer loop with nonlinear FWI iterations
for the velocity model update (Barnier et al., 2023a, 2023b). In all
these model extension methods, a penalty term (an annihilator) in
the objective function relaxes the additional degrees of freedom by
enforcing the focus of the final image. The use of an annihilator is
common to all extension methods. When the extension is carried out
in the model space, it gives rise to high-dimensional problems. For
instance, model extension with subsurface offsets (the extended
parameter) leads to a 3D problem in the 2D case (x,y, h), with
h being the horizontal subsurface offset. In three dimensions, it
leads to a 5D problem (x,y,z,h, hy) (Chauris and Cocher,
2017). The computation and storage related to these hypercubes
can be prohibitive for large-scale 3D problems.

Van Leeuwen and Herrmann (2013, 2016) introduce wavefield
reconstruction inversion (WRI), where the search space is extended
by optimizing over the wavefield and the model parameters. This is

achieved by considering the wave equation as a soft constraint using
a penalty method. The minimization of the misfit associated with
this problem gives rise to a linear system, which van Leeuwen and
Herrmann (2013) call the augmented wave equation. This aug-
mented wave equation gathers the data extraction from the wave-
field constraint and the wave equation. This is performed in the
frequency domain, where the wave equation operator can be factor-
ized. This factorization allows the classical wave equation to be re-
placed by a single linear system. It is difficult to use this formulation
with explicit time marching in the time domain, where such factori-
zation is not possible. WRI is controlled by a penalty parameter, a
scalar weight given to the penalty term of the wave equation. The
data are matched well for small values of the penalty parameter,
even with poor velocity models (less importance is given to the
wave equation). We note that the penalty parameter needs to be in-
creased during FWI iterations, which makes the tuning difficult.
This can be circumvented using an augmented Lagrangian formu-
lation instead of the penalty method (Aghamiry et al., 2018, 2019b,
2019a), which they call iteratively refined WRI (IR-WRI).

Source extension methods are obtained by reparameterizing the
WRI by means of a change of variables (Wang et al., 2017; Huang
et al., 2018a). Through the change of variables, the reconstructed
wavefield is replaced with the extended source (also referred to as
the wave equation error or scattering source in the literature). The
extended source may contain energy away from the source position,
when the velocity model is farther from the target one, which allows
us to fit the observed data to the synthetic data. Huang et al. (2018a)
call this method matched source waveform inversion, and it is
equivalent to WRI. Similar to WRI, source extension methods
are performed in the frequency domain (Huang and Symes, 2015;
Huang et al., 2018a, 2018b, 2019).

A time-domain implementation of source extension methods is ini-
tially introduced by Wang et al. (2017), which they achieve with a
source extension approximation (their equations 5-7). Aghamiry
et al. (2020) introduce another method for source extension using
an explicit time-marching scheme; however, it comes with a compu-
tational overhead, which stems from the backward-forward time-
stepping recursion they use. They argue that this may be compen-
sated by the accelerated convergence, and the improved model
parameters estimate accuracy. Gholami et al. (2022) propose a
time-domain implementation of IR-WRI, but it does not account
for the data-domain Hessian (it is approximated by a scaled identity
matrix), which could be detrimental for complex geology when start-
ing from a crude initial model. More recently, a new time-domain
extended-source FWI (ES-FWI) implementation is introduced by
Guo et al. (2024). ES-FWI does account for the data-domain Hessian
by means of a matching filter approximation (Liu and Peter, 2018). A
comprehensive review of source extension is given by Huang et al.
(2019) and more recently by Operto et al. (2023).

Extended-receiver FWI is an alternative extension strategy intro-
duced by Métivier and Brossier (2022). It relies on adding the addi-
tional degree of freedom at the receiver position using a static
relocalization strategy. Receiver extension is directly applicable to
time-domain FWI and has shown promising results in realistic
numerical settings. However, the method is able to fit only the most
energetic arrival because the relocalization is static. The authors also
have noticed a slow convergence of the method. In this study, we build
on the work of Métivier and Brossier (2022) by introducing more free-
dom to the receiver position using a time-dependent relocalization
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strategy. This is done to help obtain better fit for more complex data
and accelerate the convergence. Our new method also is directly appli-
cable to time-domain FWTI in a straightforward manner, and it is easy
to tune. Time-dependent receiver extension relies on solving many
small optimization problems (one problem per receiver), whose misfit
functions are not convex, requiring the use of global optimization.

The outline of the paper is as follows. A brief overview of con-
ventional FWI and the state-of-the-art extended-receiver FWI is
given. Then, we explain the time-dependent receiver extension,
after which we discuss the underlying optimization problem. We
then present a set of numerical experiments using a North Sea ex-
ploration-scale synthetic model, providing an in-depth analysis of
the sensitivity of our method to its tuning parameters. We conclude
with a discussion about various aspects.

BACKGROUND
Full-waveform inversion

FWI is a PDE-constrained optimization problem, where the fit
between the observed and calculated data is improved by iteratively
updating the model parameters. We write the FWI problem

I’Illnf( ) manZ/ |dcal s ) dobs,x(xr’t”zdt’
" s=1 r=1
. (1)
subject to
A(m)ug(x,1) = by(x, 1) 5
dcals[m (Xr’ t) = K U [m](x, t) ’ @

where d ; is the observed data; d,; , is the calculated data; s and r
are the source and receiver indices, respectively; N is the total num-
ber of sources; N, is the total number of receivers; and X, is the
position of the receiver r. The calculated data are extracted from
the wavefield u,, which is computed using the wave equation op-
erator A(m) (equation 2), with m being the model parameter vector
and b, being the source term. Here, R, is the restriction operator,
which extracts the wavefield values at the receiver positions using a
convolution with a Dirac delta function:

Ry iy [m](x, ) = [} 5(x = x,)u [m](x, Ndx, ()

where §(x) is the Dirac delta function and Q is the computation
domain. The constrained optimization problem (equations 1 and
2) can be solved by finding the saddle point of the associated La-
grangian (Haber et al., 2000). However, the computational cost of
solving this problem using local optimization for large-scale prob-
lems is prohibitive: the simultaneous update of the wavefields, the
model parameters, and the Lagrange multipliers require their stor-
age in memory, which is infeasible for large-scale problems. In
practice, the following reduced space approach is used:

minf(m)
:minZZ / IR A(m) ™ by(X,1) = das s (% 1) . (4)

Equation 4 is an unconstrained optimization problem, where the
wavefield u; has been eliminated from the optimization variables,

which exacerbates the nonlinearity with respect to the model param-
eters. Equation 4 is solved iteratively using local optimization strat-
egies (Nocedal and Wright, 2006). To do so, the gradient of the
objective function needs to be computed. The adjoint state strategy
is used to carry out this computation (Plessix, 2006). Following the
adjoint state technique, the gradient is obtained using

V. f(m) = Z<% (%, ), Ay (x, z)>, )

s=1

where the notation (e, e) indicates an inner-product operation. In
time-domain FWI, it corresponds to the zero-lag crosscorrelation
between the weighted incident wavefield and the adjoint wavefield.
The latter is computed by adjoint propagation of the adjoint source,
which is the data residuals for the L2 misfit function case (difference
between the observed and calculated data). This computation is
achieved as follows:

A(m)TA(x, 1) = SN BT, ], 1)
{m1<> 1 N

dcal K [m] (Xr» t) dobs,s (Xr’ t) '

where /; is the adjoint field, computed backward in time using the
wave equation operator AT (m). The source term is the data residuals
Hy injected at the receiver positions by the operator R ,. After the
gradient is obtained, the model can be updated. In all the examples
shown in this paper, we use the preconditioned limited memory
Broyden-Fletcher-Goldfarb-Shanno (I-BFGS) (Nocedal, 1980) al-
gorithm. Therefore, the new model m, | is obtained by updating
the model at iteration k as follows:

Myy = my — OV, f (my), (7

where k is the iteration number, q; is a step length obtained with a
line search strategy (Nocedal and Wright, 2006), and Q; is the in-
verse Hessian approximation obtained with the I-BFGS algorithm
using / previously stored gradients.

Static receiver extension for FWI
Principle

Receiver extension introduces the receiver position as an addi-
tional degree of freedom (Métivier and Brossier, 2022). This addi-
tional degree of freedom allows us to compensate for the kinematic
mismatch between the observed and calculated data. In other words,
by allowing the receiver to move in space, a fit can be obtained
in the incorrect medium velocity. We write the receiver extension
misfit function as

mlAnf(m Ax)
_miAn / cals ](X +Axr’t) dobss(xr’t” dt
mAx2 =
—l—aZZPU [Ax,] ®)
s=1 r=1

Equation 8 is a bivariate misfit function, depending on m and
Ax,, the latter being the additional degree of freedom, namely,
the receiver relocalization. The first term on the right-hand side
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is the data fit term, where Elcal‘x is the calculated (extended) data,
which are extracted at the new receiver position. This new receiver
position is shifted in space by the quantity Ax,. Thus, the calculated
data are obtained as follows:

Zical,s [m] (Xr + Ax,, t)

- / 5(x— (%, -+ Ax, )ty [m] (x, ) AxE R, (A, ] (x.1).

©))

where R 5. Tepresents the extended restriction operator. The operator
Rw is similar to the conventional FWI restriction operator R ,;
however, the extraction is now performed at the new receiver posi-
tion X, + Ax,, with x, being the true receiver position. The second
term in the right-hand side of equation 8 is a penalty term, which
controls the receiver extension, and « is a tuning parameter. This
term is used to prevent the relocalization from being too large.
The expression of P ; is provided in Appendix A.

We illustrate the leading idea behind the receiver extension with
a simple numerical experiment. In a homogeneous medium
(Ve = 2000 ms™!), we consider one source-receiver couple. The
observed trace is shown by a dashed black line in Figure 1b. The
synthetic trace is computed in a medium with a higher velocity
(2300 ms~!), and it is shown by a solid red line. By allowing the
receiver to move (blue triangle in Figure 1a), the kinematic mismatch

Benziane et al.

between the observed and calculated data is eliminated, and the traces
are aligned in time. The extended (relocated) trace is shown in blue.
We perform the same experiment for different velocities and different
receiver relocalizations. This allows us to visualize the objective func-
tion of equation 8 for each velocity and each receiver position. This is
shown in Figure 2a, in which the dashed black line shows the misfit
variation at the original receiver position (conventional FWI). This
misfit is not convex. However, if we take the minimum along the
relocalization axis (the extended dimension) for each velocity follow-
ing the red line, a convex misfit function is obtained.

Computing a numerical solution

Bivariate misfit functions, such as equation 8, are usually mini-
mized using nested-loop strategy. The outer loop is the conventional
FWI optimization over the model parameter m. The inner loop solves
the subproblem of finding the optimal receiver relocalization Ax for a
given model m (we drop the subscripts s and r in this analysis for
compactness). Consider the bivariate objective function f(m, Ax)
and the minimization problem

minf(m, Ax),

m,Ax

(10)

where m is the model parameter vector and Ax is the receiver
relocalization (a spatial shift). This problem is equivalent to

min f(m 11
a) Distance (m) Time (s) m f( )7 (11
1000 2000 3000 0 0.5 1 5 2
1000 3 ‘ ‘
% Source - — -Observed data 1mi 1 1
100! | ¥ Receiver ol 4 e tated datal where we eliminate the variable Ax using
’E‘ W Extended receiver © [\ ] —— Calculated data
2
5 1t 8 - —
= 12 2 =
5 00| * v 7, f(m) = f(m, Ax(m)), (12)
S 1300 - b VN i with
\
Y
1400 -2 - )
Ax(m) = argmin f(m, Ax). (13)
Figure 1. Receiver extension illustration. (a) Acquisition setup. The source is shown as a Ax

black star, the receiver position is shown as a red triangle, and the extended receiver is

shown as a blue triangle. (b) Observed trace (dashed black line), calculated trace (solid red
line), and calculated trace extracted at the extended receiver position (solid blue line).

The objective function f(m) is minimized in the
outer loop (equation 11), whereas the inner loop
carries out the minimization shown in equation 13,
which defines Ax(m). The inner loop aims at

a)! Solution b) s — finding the optimal relocalization Ax for a given
e PR e 07 Conv. misfi model iterate. In the framework of FWI, the gra-
08 o dient of the outer loop misfit function f(m) is
& €05 required. This gradient is obtained as follows:
206 E
! i 0 (m, ()
S g A m, Ax(m
Vil m) ==
Z 0.2 _
| O (m, Ax(m)) 0Ax |
0AXx om
1400 1600 1800 2000 2200 2400 2600
0

Figure 2. Illustration of the receiver extension misfit function. (a) Misfit function 2D view
as a function of velocity and receiver relocalization. The minimum is shown in white, and
the misfit values corresponding to the receiver extension are shown as a dashed red line. The

Velocity (m.s™!)

According to equation 12, Ax is a minimizer
of f(m,Ax) with respect to Ax; therefore, the
first-order optimality conditions tell us that

dashed magenta line indicates the velocity value at which the calculated data in Figure 1 are

computed. (b) The misfit function profile along the zero relocalization (conventional L>
misfit) is shown as a solid black line, and the misfit function profile along the minimum SV o,

value over the receiver relocalization Ax,, is shown as a dashed red line.

of (m, Ax(m)) (15)
0Ax
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which yields

of (m, Ax(m))
om ’

V. f(m) = (16)

Equation 16 shows that the gradient of the outer misfit function
around m is equal to the gradient with respect to m of the bivariate
misfit function f(m, Ax) calculated at Ax. The gradient is obtained
as follows:

Ny
= > mx, ), Afm BR(x0), ()

s=1

V,.f(m)

where the adjoint field A, is obtained using

{ (m) A m. Ax)(x,1) = 3277, RY (A%, )it [m] (x, + B 1)
ﬁ [m](x +Axr’t) dcals[ er"i_Axr’t)_dobs,s(Xr’t)
18)

This means that the calculated data are now extracted at the ex-
tended receiver position according to equation 9, and the adjoint
source position also corresponds to the extended receiver. The latter
is achieved using 1?5,, where the extended data residuals ji, are in-
jected at extended receiver positions. Throughout this paper, we use
e to indicate extended quantities.

The extended receiver strategy with the nested loops is summa-
rized in Algorithm 1. A forward modeling is performed in a given
model, and then the inner-loop computation provides the optimal
receiver relocalizations. The extended calculated data are then ex-
tracted at the extended receiver positions. The model is then updated
using gradient-based optimization. It is crucial to note that the inner-
loop computation does not require performing forward simulations,
and the extended data are extracted from the already computed in-
cident wavefield. Métivier and Brossier (2022) use a grid search to
solve the inner-loop problem. Indeed, finding one optimal receiver
relocalization per receiver can be easily (and quickly) obtained with
this global optimization scheme.

Limitations of static receiver extension

The extended-receiver FWI of Métivier and Brossier (2022) uses
static relocalization, that is, the receiver position does not depend on
time. Despite the promising results, the analysis is performed in the

Algorithm 1. Nested-loop optimization.

while f(m;) > €ouer do0
1, <—dOgyryargmodeling (m)
while f(my, Ax) > €jyper do
f(my, Ax)<—compute;, e cost(i,)
end while
Ax<Ax
Fmy)<—f(my. Ax)
my<—updatenoge (M1, Ax, )
k<k+1
end while
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framework of a single arrival. They also observe that the method
suffers from a slow convergence rate. We aim in the present study
to address these two main issues. Our first investigation step is to
introduce more degrees of freedom to allow the receiver to move
as a function of the acquisition time because such a fit for more com-
plex data can be obtained. By obtaining a better fit at earlier iterations,
the convergence could be accelerated. This is carefully analyzed and
illustrated in the present paper.

Before going into the formalism and the implementation details,
we illustrate this strategy with a simple numerical experiment. We
consider a two-arrivals case, with transmitted and a reflected arrival.
The observed data are simulated in a two-layer medium, the first layer
with Vp = 2000 m.s~! and a second layer with Vp = 3500 m.s™!
(Figure 3). For the sake of illustration, we choose a two-layer starting
model, where the first layer velocity is faster at 2500 m.s~', but the
second layer velocity is the true one (Vp = 3500 m.s™!). In Figure 4,
the observed trace is shown by a dashed black line, the calculated
trace is shown by a solid blue line, and the receiver relocalization
as a function of time is shown in red. This curve indicates the receiver
relocalization value at each time step, and we refer to this curve as the
relocalization profile. Using receiver extension, only one arrival can
be fitted. This occurs because the second (reflected) arrival would
require another relocalization value to align it with the observed
reflected arrival. Therefore, only the most energetic arrival is fitted.
Using time-dependent receiver extension (Figure 4c), a fit of both
arrivals is obtained. Figure 5 shows the FWI kernels for conventional
FWI, static, and time-dependent receiver extension. The kernel for the

Distance (m)

a Distance (m) b)
3500 7000 3500 7000

3500
e
3000 2500 & = 3500 2500
7000 7000
2000 2000

* Source v Reu\nel

l)
(1n)

Depth (
Dept

Velocity (m.s 1)
Velocity (m.s 1)

Figure 3. Experimental setup: (a) true velocity model and (b) the
starting model used for gradient illustration hereafter.
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Figure 4. Observed and calculated data as well as relocalization
time profiles for (a) conventional FWI, (b) static relocalization,
and (c) time-dependent relocalization.
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conventional FWI case suggests a positive velocity update (negative We aim to minimize the bivariate misfit function in equation 19,
gradient) to a velocity that is already higher than the true value in the where m denotes the model mechanical parameters and Ax,(7) is
first Fresnel zone (yellow arrows). With the static relocalization, a now the time-dependent receiver relocalization. The first term in
correct velocity update is obtained in the first Fresnel zone; however, equation 19 is the data fit term, which is the L? norm of the data
two migration isochrones can be seen (red arrows), and the rabbit ears residuals. The calculated data are obtained using equation 9; how-
(blue arrows) suggest a positive velocity update. This is caused by the ever, the receiver position is now time dependent. We write the new
incorrect fit of the second arrival (the adjoint source in Figure Se extended restriction operator as

shows two events related to the reflection). Using time-dependent
receiver extension makes it possible to fit both arrivals, obtaining ~

the correct velocity update also in the rabbit ears Fresnel zones. RS,f[Axf(t)]uf [m](x,1) = [)5()‘_ (X, + A, (1)) ) uy (%, 1)dx,
We also see a single migration isochrone due to the fit of the second (20)
arrival. In this particular case, where the starting velocity is higher
than the true velocity, receiver extension virtually increases the illu-
mination angle. This causes an update beyond the first Fresnel zone
corresponding to the true receiver position (the observed raypath). In
contrast, if the starting velocity is lower than the true velocity, receiver
extension causes a narrower update (by reducing the offset). This is
caused by the additional freedom that we introduce, which is relaxed
along FWI iterations. As the model improves, the extended receiver
positions become closer to the true receiver positions. The method
provides the sought tomographic update by means of this intermediate
step (the extension) when the model estimate is poor, where the gra-
dient is evidently different from the conventional FWI gradient. This
is why the method is able to mitigate cycle skipping. This time-de-
pendent receiver extension strategy is detailed in the next section.

where Ax,(r) is the time-dependent receiver relocalization. The
calculated data are extracted at the virtual receiver positions
(x, + Ax, (1)) from the wavefield u,(x, 7). The term P ; in the right
side of equation 19 penalizes the receiver relocalization to prevent it
from being too large and to force it to become small along iterations.
The parameter « is a tuning parameter, which weighs this penalty
term. Similarly, the term P, ; in the right-hand side of equation 19
penalizes the receiver speed (the first-order derivative with respect
to time of the receiver relocalization), and $ is a tuning parameter.
This term is needed to mitigate potential Doppler effects, which
stem from a moving receiver during the calculated data extraction
and also from a moving adjoint source during the adjoint simula-
tion. Interested readers are referred to Appendix B. The full expres-
sions of P ; and P,  are shown in Appendix A. The adjoint field is

TIME-DEPENDENT RECEIVER EXTENSION obtained using the adjoint system:
FOR FWI v
. A(m)T a5 [m, Ax(1)](x,1) = 3772 R [ A, (1))t [m] (%, + A, (1), 1)
Formalism { ] (5,4 B, (0).0) = )%, D%, (1).8) =i (%r0)
We write the new extended-receiver FWI misfit function as 21

min f(m,Ax(1))
mAx(?) We observe that now the adjoint source moves as a function of the

acquisition time. The gradient is obtained following the adjoint state

S PEACNELTANS
= min ZZA |dcal,s[m](xr“i’Axr(t)’t)_dobs,x(Xrat)|2dt strategy:
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Time-dependent receiver extension

As in the static case, the time-dependent strategy uses the nested-
loop optimization approach. The inner loop finds the optimal
receiver relocalizations, whereas the outer loop updates the model
physical parameters. We now focus on the inner-loop solution, start-
ing with the question how do we parameterize the time-dependent
receiver relocalization Ax,(7)?

Parameterization

We seek to answer two questions: (1) how should we parameter-
ize a receiver relocalization that depends on the acquisition
time (2) how should we parameterize the receiver motion in the
physical space?

Temporal parameterization

One possible choice of parameterization is assigning a receiver
relocalization to each time step. However, this would give rise to a
problem with a large number of degrees of freedom (the number of
time steps), which is prohibitive for the global optimization strat-
egies that will be used to solve the inner-loop problem. To keep a
minimal parameterization, we propose a piecewise polynomial in-
terpolation. The time vector is divided into segments, each of which
contains one Lagrange polynomial. We write the receiver relocal-
ization as a function of the acquisition time:

ng Ny

Ax(t) = Z Z ak+Nf><(j—1)f§<W(f),

=1 k=1

(23)

where fi’ “(t) is Lagrange basis functions of order Ny, ny is the
number of segments, and a; (i = k+ N, X (j — 1)) is the values
at the control points. In the inner loop, we aim at finding the optimal
a; values that define the time-dependent virtual receiver positions.
In Figure 6, we illustrate this using three segments with first-order
Lagrange polynomials. The time-dependent relocalization is shown
by a black line plot, and the blue circles indicate the control points.
The unknowns for the receiver relocalization subproblem are
therefore a = (ay,dy, .., ay,xn 1) - We rewrite the minimization
problem of equation 19 as

min]‘(m, a),

m,a

(24)

which we solve using the same nested-loop approach described in
Algorithm 1.

R395
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where x is the offset and z is the receiver vertical distance to the
reflector. To obtain the same arrival time in an incorrect velocity
model vy, the receiver is relocated. We introduce the quantities
Ax and Az, which provide the same arrival time:

A 2 (Az+27)?
3 = &2+ %) ( i 9 (26)
i vy
Equating equations 25 and 26 gives
Axt P+ (Art2 = (240 @7
(Ax +x)" + (Az + z)—(erx)v—(z). (27)

Similarly, we perform the analysis for a transmitted arrival. The
traveltime expression of the transmitted arrival in the true velocity
model v is

S}

(28)

~N

on

I
] | =
Sto

To obtain the same traveltime for the transmitted arrival in an
incorrect velocity model, the receiver is relocated as

7 A2 (Ax+x)?
0= "7 —F .

2 2
U1 V]

(29)

Equating equations 28 and 29 gives
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Figure 6. Time-dependent parameterization example using three
segments with first-order Lagrange polynomials. The circles indicate
the control point a;.
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Métivier and Brossier (2022) use only hori- . -
zontal relocalization, that is, the receivers are al- - A= y—* 0 0

. . 1 z

lowed to move only following the horizontal =~ F----------ccoceocv - 7 - o)

. . 9 ~— -1000 ~— -1000 P . -
axis, moving closer or farther from the source. v o . o o2 - — —
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In our case, relying only on horizontal relocali- g 01 = 2000 ms 7! |] v1 = 2000 ms!

. . . . % Source =2000}", .| x v =1500 ms! -2000 x v = 1500 m.s!
zation might not be advisable. This can be shown v Receiver : *| % Source * Source

: : . Extended receive Receiver Receiv

by a simple ray theory analysis (Benziane et al., v e e 3000 Yy e 3000 v -

2023) to visualize the receiver positions that al-
low fitting transmitted and reflected arrivals. We
consider a one layer over a half-space model
(Figure 7a). The traveltime expression of the re-
flected arrival in the true velocity model vy is

Figure 7. Simple reflection case analysis with receiver extension. The geometry is shown
in (a), where the original and extended receiver positions are shown as black and white
inverted triangles, respectively. Here, Ax and Az are the horizontal and vertical receiver
relocalizations, respectively. The possible receiver relocalizations at different velocities for
the reflection and transmission cases are shown in (b) and (c), respectively.
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(Ax +x)? + A2 = x? (30)

Q|§
SISIENS)

Equations 27 and 30 are conic section equations. For the reflection
case, equation 27 describes a circle with a center (—x, —2z), which is
the source image with respect to the reflector. The radius of this circle

(422 + x*)(v?/v3). We plot the solution of equation 27 using
different velocities, v; = 1500 m.s™!, v; = vy, = 1500 m.s~', and
vy = 2500 m.s~'. The possible receiver positions that give the same
traveltime fall on a circle, the radius of which increases as the velocity
increases. By allowing the receiver to move only horizontally, a fit
cannot be obtained for the lower velocity case (crosses “X” in
Figure 7b). Similar to the reflected arrival case, equation 30 describes
a circle. However, it is centered at the source position (—x,0). We
plot the solution to our equation using three different velocities
(Figure 7c). We observe that moving the receiver horizontally makes
it possible to fit the transmitted arrival for all velocities.

By forcing the receiver to move toward the source following a
(/4) angle with respect to the horizontal axis, a fit of the reflected
and transmitted arrivals can be obtained. This is achieved by equat-
ing Ax to Az when the receiver moves toward the source. Therefore,
Az can be obtained from Ax using

Ar— |Ax| if the receiver is moving toward the source
Tl o otherwise ’

€1V

Please note that the aforementioned angle is a user-defined
parameter because in some cases, it is not advisable to allow the
receivers to move vertically in the medium, where physical param-
eters vary rapidly and the waveform amplitudes are very different in
the medium (e.g., below the seafloor). In this case, we prefer to
constrain the receiver relocalization to the water column. However,
from an implementation standpoint, the receivers can in fact be
repositioned anywhere in the computational domain to extract
wavefield values. It is a choice of parameterization that we make;
it is not a limitation of the algorithm. This is the choice of param-
eterization that we make to keep the parameterization minimal.
Then, allowing the receiver to move freely in all the spatial dimen-
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Figure 8. Data fit and relocalization profiles for a two-arrivals case
using a lower top layer starting velocity. (a) Time-dependent hori-
zontal relocalization and (b) time-dependent relocalization with ver-
tical and horizontal components. The observed trace is shown as a
dashed black line, the calculated is shown as a solid blue line, the
horizontal relocalization is shown as a solid red line, and the vertical
is shown as a solid purple line.

Benziane et al.

sions would give rise to an expensive inner-loop computation. This
is avoided because of our spatial parameterization.

We illustrate this parameterization with a numerical experiment
using the same setup as shown in Figure 3. However, we use now a
top layer velocity with a lower velocity. Because the starting veloc-
ity is lower than the true one, the receiver needs to move toward the
source. If the receiver moves only horizontally, a fit for the reflected
arrival cannot be obtained. This is shown in Figure 8a, where the
observed data are shown by a dashed black line and the extended
calculated data are shown by a solid blue line. The receiver needs to
move following the z-axis to obtain a fit for the second arrival. This
is in agreement with our ray theory analysis. By allowing the
receiver to move vertically (equation 31), a fit for the reflected
arrival is obtained.

INNER-LOOP OPTIMIZATION
Overview

The solution of the inner-loop problem using our time-dependent
receiver extension raises a challenging optimization problem. We
illustrate this using a North Sea exploration-scale synthetic model
(Figure 9). We consider a single source-receiver couple and a single
segment with first-order Lagrange polynomial, leading to two con-
trol points a; and a,. We compute the inner-loop misfit function
map using a fine discretization of a; and a,, which we present
in Figure 10. Not only does our misfit function contain numerous
minima, but some local minima also may have very close values
(Figure 10b). This makes finding the global minimum a challenging
task. A solution can be obtained using global optimization strate-
gies. However, it appears not tractable to solve the inner problem
using grid-search optimization because the size of this inverse prob-
lem will grow large with the time dependence. Even with the pa-
rameterization used for the present example (two control points), it
is still intractable because the optimization needs to be performed
for all receivers. Our investigations on global optimization strate-
gies have led us to the choice of particle swarm optimization
(PSO) (Kennedy and Eberhart, 1995) over Markov chain Monte
Carlo (MCMC) (Aster et al., 2013) and very fast simulated
annealing (VFSA) (Ingber, 1993). The former requires a large num-
ber of misfit function evaluations to converge to a good solution,
and the latter suffers from premature convergence toward bad solu-
tions. In contrast, PSO allows for a thorough exploration of the
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Figure 9. A North Sea exploration-scale synthetic model: (a) the
true model and (b) the starting model obtained by Gaussian smooth-
ing of the true model.
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search space with reasonable cost. Interested readers are referred to
the discussion part of the paper.

PSO

PSO is a computational intelligence technique proposed by
Kennedy and Eberhart (1995). It is a heuristic optimization method,
where the search space is explored by so-called particles to mini-
mize some misfit function g(x):

mxin 9(x). (32)

A swarm contains N, particles, and each particle j explores the
search space by its position x;. The best model from the swarm
(from all the particles), associated with the lowest g(x) value, is
referred to as the global best (X, in the following equations). In con-
trast, the personal best (x,, ; in the equations hereafter) is the best
solution obtained for each individual particle. Let x; denote a par-
ticle j position in a search space RY at iteration i. The particle po-
sition is then updated to iteration i + 1 as such

i+1

Xj

=xi + it with X0 = U(Xpin» Xmax)» (33)
where uj- is the particle position update at iteration i. The starting
particle positions are harvested from a uniform distribution (U in
equation 33, where X,;, and X, are the search space bounds).
In the literature, u’ is referred to as the particle speed and is com-
puted as

uit!

— oul iyl
(T = ow) + oprji[x

L X ooy xh —xil. (34

J

The first term in the right-hand side is called the inertia term,
which controls the contribution from the past iteration, with @ being
the inertia weight (typically w € [0.9, 1.2]). The second term in the
right-hand side is the contribution of the best position for each par-
ticle, where xj,, ; is the best personal position for a particle j along its
past trajectory. The third term in the right-hand side is the contri-
bution of the global best position of the swarm,
where X/, is the global best position. Terms r} and
r5 are the random variable vectors of the same
dimension as the particle position x; which
are harvested from a uniform distribution. Here,
¢, and ¢, are constants, usually set to equal val-
ues, and a:b denotes the term-to-term product of
vectors a and b. If we wish to give more weight
to either component, the constants ¢; and ¢, may

be adjusted accordingly. This is the basic form of b)

the global solution, which we obtain using a grid search, is shown by
a red star. The personal best positions are initialized with the particle
positions and are updated at each iteration. The global best is selected
from the personal bests (the particle whose personal best has the low-
est cost). This process is repeated until convergence or the max num-
ber of iterations is reached. Note that none of the starting particle
positions is near the global minimum; nonetheless, PSO manages
to converge relatively quickly. Figure 10 clearly shows that our misfit
function contains many secondary minima, which is why a popula-
tion-based optimization is a good choice. It allows for a thorough
exploration of the search space. Even though the global best is al-
ready at the global minimum, other particles still search in the vicinity
of other secondary minima because of the inertia term (equation 34).
PSO can achieve convergence relatively quickly; however, setting the
maximum number of iterations to a small value for all receivers is not
a good idea. Indeed, convergence to a good solution is not guaranteed
for the same number of iterations for all receivers. A flexible way of
handling this is the use of what we call stalling detection. If the global
best does not move in ngy iterations, the PSO is stopped because we
assume that the global minimum has been reached. This helps to save
computational time. For the first example (Figure 11), the max num-
ber of iterations is set to 400 and ng,; = 200. Here, ny,, is particu-
larly high in this example because the swarm is small (N, = 16). For
a larger swarm, stalling is observed earlier. For N, = 16, the global
best has indeed ceased to change from the 275th iteration. However,
the optimization does not stop in this case because the global best
needs to stall for 200 iterations. Next, we increase the number of
particles to N, = 32 to observe the impact of the swarm size on
the convergence (Figure 12). Indeed, increasing the swarm size leads
to a sooner stalling and therefore a better convergence. With 32 par-
ticles (shown in blue), stalling occurs at 127 iterations, and PSO has
stopped at 327 iterations. When using 64 particles (shown in red), the
global best does not change after 34 iterations, and PSO is stopped at
234 iterations in this case. Better convergence is obtained with a
larger swarm size because increasing the number of particles allows
for a better exploration of the search space. In other words, at each
iteration, a larger swarm has a better “view” of the search space. It is
clear that the swarm size is an important parameter. In the literature, a
choice of approximately 30 particles is common. A choice of too few

©
=
=}
171
7
o
=
=%

global best PSO (Engelbrecht, 2007).

Norm. misfit

Numerical example

To showcase PSO, we carry out a simple
numerical test using the same example we showed
previously (Figure 9). We run PSO using 16 par-
ticles. The snapshots of the swarm configuration
at iterations 1, 40, 80, and 160 are shown in Fig-
ure 11. The particles are shown in black, the per-
sonal best in red, the global best in magenta, and

Figure 10. Inner-loop illustration: (a) misfit function map using one segment and two
control points, where the global minimum is shown as a red star. (b) A cross section
following the black line in (a). Note how close are the values of the global minimum
(dashed red vertical line) and the secondary minimum (dashed blue vertical line). (c) The
observed data are shown as a dashed black line, the calculated data are shown as a solid
red line, and the extended data corresponding to the global minimum are shown as a
solid blue line.
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particles reduces the exploration abilities of the swarm, and choosing
too many particles — although better in terms of convergence —
requires more cost function evaluations (Luu et al., 2018). In our
work, swarm size is adapted based on the inner-loop parameteriza-
tion. Higher dimensional problems would benefit from a larger
swarm. All the tests performed in this paper (unless otherwise stated)
use 45 particles. As for the choice of the PSO parameters, we use the
results from Pedersen (2010). We set ¢; = —0.6485, ¢, = 2.6475,
and w = —0.6485.

APPLICATION TO A NORTH SEA EXPLORATION
SCALE SYNTHETIC 2D MODEL

For all our testing, we use the SEISCOPE (acoustic and viscoa-
coustic) modeling and FWI engine TOYxDAC_TIME (Yang et al.,
2018a). The modeling is performed using fourth-order finite
differences with staggered grids (Virieux, 1986; Levander, 1988).
A second-order leap-frog scheme is used for the time marching.
We use convolutional perfectly matched layers (CPMLs)
(Komatitsch and Martin, 2007) as absorbing boundary conditions
to simulate an infinite medium. However, we note that we do
not enable CPML when attenuation is used; instead, we use sponge

l* Solution O Global best @ Particles e Personal best]

Iteration 40

Iteration 1

—2000 0 2000 —2000 0 2000
az (m) az (m)
Iteration 80 Iteration 160

-2000 0 2000 -2000 0 2000
az (m) az (m)

Figure 11. The PSO example showing the swarm configuration at
different iterations superimposed on the misfit map. The personal
best positions are shown in cyan, the global best is shown in ma-
genta, and the global solution (obtained with grid search) is shown
as a red star.

<

'S

St
T

—N, = 16 —N, = 32 —N,, = 64|

50 100 150 200 250 300 350 400
Iterations

o
w

Normalized cost
I
w L
& 'S
J/'fj"

(=}

Figure 12. Global best normalized cost as a function of the number
of iterations using 16, 32, and 64 particles.

layers (Cerjan et al., 1985). The gradient computation is performed
using the time-decimated incident wavefield, which is saved only at
the boundary of the computation domain. This wavefield is inter-
polated using Kaiser-windowed sinc interpolator (Yang et al.,
2016c¢) and is propagated from the boundaries during the adjoint
simulation. When an attenuating medium is used, we use check-
pointing-assisted reverse-forward simulation (CARFS) (Yang
et al., 2016b). We note that the synthetic data extraction and adjoint
sources injection also are performed using Kaiser-windowed sinc
interpolation (Hicks, 2002).

We use a North Sea exploration-scale synthetic model in our test-
ing. First, we consider a constant density noise-free experimental
setup (inverse crime), for which we carry out an in-depth analysis
and a sensitivity study. Second, we design a more realistic exper-
imental setup using the same model. Please note that in all of our
testing, we perform single component inversions, namely, the hy-
drophone (pressure) component.

Inverse crime settings

We first generate the observed data using the true model shown in
Figure 13a. The finite-difference grid point spacing is set to 25 m,
the time step is 0.003 s, and the total number of time steps is 4000.
The source wavelet is a Ricker wavelet with a central frequency of
4 Hz, and it is filtered with a high-pass filter with a cutoff frequency
of 2 Hz (Figure 14). The acquisition used for the tests in this section
is a fixed-spread acquisition, with 128 sources with 132 m spacing
and 170 receivers with 100 m spacing. The starting model is ob-
tained by a Gaussian smoothing of the true model (Figure 13b).

Before diving into a deeper analysis, we make a comparison of
conventional FWI, extended-receiver FWI with static relocalization
with a = 0.375, and our time-dependent approach with a = 0.01
and f = 0.25. The latter is parameterized with one segment and
two control points. Because we use a single segment with first-order
Lagrange polynomials, there is an implicit monotonicity; the reloc-
alization is either increasing or decreasing. We have done experi-
ments with more segments and higher-order polynomials, but the
best results were obtained when we use this minimal parameteriza-
tion. Note that we use horizontal relocalization only for this particu-
lar model because the water column is shallow (75 m). This is done
to avoid receivers moving deeper into the model, where the proper-
ties vary rapidly, leading to some artifacts in the reconstruction. We
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Figure 13. A North Sea exploration-scale synthetic model: (a) the
true model used to generate the observed data and (b) the starting
model.
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perform 300 iterations for all cases; the results are shown in
Figure 15. As expected, conventional FWI struggles to reconstruct
the true velocity from this crude starting model. Static receiver ex-
tension provides a better reconstruction but with visible defects. In
contrast, the time-dependent approach is able to better reconstruct
the velocity model from this crude starting model. The model error
as a function of FWI iterations is shown in Figure 16. The model
error is computed using

_ @ < _ |mest,i - mtrue,i|

E : (35)

M i B |mtrue,i|

where M is the total number of model points, m, ; is the estimated
model at point i, and m,, ; is the true model at point i. The model
error in conventional FWI increases at first, then decreases to 9%, a
value higher than the error at the starting model. Static receiver ex-
tension performs better; the model error is mainly decreasing. The
time-dependent approach provides the best reconstruction, and the
model error decreases quickly to a lower model error.
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Figure 14. The source wavelet used for the numerical experiment:
(a) time domain and (b) frequency domain.
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Figure 15. Reconstructed velocity models after 300 iterations:
(a) conventional FWI, (b) static extended-receiver FWI, and
(c) time-dependent extended-receiver FWIL.
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To better understand why it works, we take a look at the data fit
for static and time-dependent extension approaches (Figures 17 and
18). At the first iteration, a better fit is obtained using the time-de-
pendent approach (blue and black in Figures 17 and 18 indicate a
good fit). As the model estimate improves, the relocalization tends
to zero, and this is apparent at the last iteration. This can be better
assessed by looking at the adjoint source (data residuals) in Fig-
ure 19. The adjoint source at the last iteration of the time-dependent
approach has the lowest values compared with the static approach

[—Lz ——Static receiver extension —— Time-dependent receiver extension]

Model error (%)

! ! !
0 50 100 150 200 250 300
Iterations

Figure 16. Receiver relocalization as a function of iterations: static
extended-receiver FWI (red line) and time-dependent FWI (blue line).
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Figure 17. Synthetic and observed shot gathers as well as the re-
localization gathers for the static case. The calculated data are dis-
played in a red and blue color scale and the observed data in
grayscale. If only blue and black are apparent on the wiggles, a good
fit is obtained; if red is shown, then the fit is not satisfactory. (a and
d) Data fit before relocalization; (b and e) data fit after relocaliza-
tion; and (c and f) relocalization gather, which has the same dimen-
sion as the shot gather. The first iteration is shown in (a)—(c), and the
last iteration is shown in (d)—(f).
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and the conventional FWI. This is indicative of a better model
reconstruction. Time-dependent receiver extension is able to reach
a lower model error and a lower relocalization at the final iteration.
This is not the case for the static approach, where the relocalization
is still important at the last iteration. Better explaining the data when
the model estimate is poor leads to a better model reconstruction.
To complement our analysis, we show the misfit function evolution
as a function of FWI iterations for the static and time-dependent cases
in Figure 20a and 20b, respectively. The data fit term (L? norm of the
data residuals without using relocalization) also is shown (red line
plot). The L? misfit increases at first while the extended-receiver
FWI is decreasing, which indicates that L? FWI would have been
stuck in a local minimum. We also note the rapid reduction of the
time-dependent approach cost function, as opposed to the static
counterpart. The L2 norm of the data residuals for the static relocal-
ization case increases at first (similar to the time-dependent approach),
but then it stagnates after a brief decrease, which indicates a slow
convergence. Next, we take a look at the receiver relocalization evo-
lution as a function of outer-loop iterations. It is shown only for the
leftmost, center, and rightmost shot gathers. We obtain it using
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Figure 18. Synthetic and observed shot gathers as well as the re-
localization gathers for the time-dependent case. We display the cal-
culated data in a red and blue color scale and the observed data in
grayscale. If only blue and black are apparent on the wiggles, a good
fit is obtained; if red is shown, then the fit is not satisfactory. (a and
d) Data fit before relocalization; (b and e) data fit after relocaliza-
tion; and (c and f) relocalization gather, which has the same dimen-
sion as the shot gather. The first iteration is shown in (a)—(c), and the
last iteration is shown in (d)—(f).
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(36)

T
L/" |Ax,(1)|?dt .
0

The receiver relocalization can be viewed as a proxy for model
error, and larger relocalization indicates a poor model estimate. The
relocalization decreases almost monotonically for both approaches
(Figure 21); however, the time-dependent approach reaches lower
relocalization faster. For the time-dependent case, we also can visu-
alize the receiver speed as a function of outer loop iterations, which
is obtained using

T
R, = / Ak, (1) 2dt. 37)
0
a) Distance (km) b) Distance (km) c) Distance (km)
o 5 10 15 5 10 15 5 10 15
4 s
’ 27— \

Time (s)

Figure 19. Adjoint source of the center shotpoint at the 300th iter-
ation for (a) conventional FWI, (b) static receiver extension, and
(c) time-dependent receiver extension. The same color scale is used
for all figures.
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Figure 20. Cost function evolution as a function of iterations. The
extended-receiver FWI cost is plotted in blue, and the L? norm of the
data residuals at each iteration is shown in red. (a) Static extended-
receiver FWI and (b) time-dependent extended-receiver FWL
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The receiver speed decreases monotonically as the model esti-
mates improve (Figure 22). The receiver speed is not too large
(maximum of approximately 500 ms™! for the leftmost and right-
most gathers) because of the second penalty term. This is an ex-
pected behavior because as the model estimate improves, there is
less need for the receiver to move too fast.

For the tests we showed here, we set @ = 0.375 for the static ap-
proach, and for the time-dependent approach, we set a = 0.01 and
f = 0.25. How would extended-receiver FWI behave when these
tuning parameters are perturbed? We answer this question in the
next paragraphs.

Sensitivity to the tuning parameters

In this section, we investigate how the tuning parameters in our
cost function (« and f) impact the model reconstruction, the data fit,
and the convergence. We carry out three sets of tests: (1) a varia-
tions impact on static receiver extension, (2) @ variations impact on
time-dependent receiver extension for a constant value of S, and
(3) a and S variation impact on the time-dependent receiver exten-
sion. We keep the same experimental setup (Figure 13). For each
experiment, 300 outer loop iterations are performed. For the inner
loop, we use one segment with first-order Lagrange polynomial giv-
ing a two degrees of freedom problem, which we solve with a grid
search. We do this to avoid the PSO tuning parameters impacting
our sensitivity testing.
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Figure 21. Relocalization as a function of iterations. The values are
averaged from all receivers in each shown gather: (a) static ex-
tended-receiver FWI and (b) time-dependent FWIL.
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Figure 22. Receiver speed as a function of iterations for the time-
dependent extended-receiver FWI. The values are averaged from all
receivers in each shown gather.

Static receiver extension: Sensitivity to o

For this first set of experiments, we test 24 equally spaced values
of a €]0, 1]. Extended-receiver FWI is then carried out using static
relocalization. The cost function at the last iteration and the model
error as a function of a are shown in Figure 23a and 23b, respec-
tively. The cost function at the last iteration increases — in the
most part — with increasing a with a few outliers. The first outlier
corresponds to o = 0.125, and it is caused by a line-search failure
(i.e., the line-search process in the outer loop was unable to find an
adequate step length). The second outlier corresponds to the lowest
cost value that was achieved with @ = 0.375. Two other points, a =
0.333 and a = 0.416, do not follow the trend as well. These four
points and two others, namely, = 0.583 and @ = 0.791, are shown
as black circles in Figure 23a and 23b. The corresponding models
are shown in Figure 24, and this is discussed in the next paragraph.
Increased cost at the last iteration with increasing a is expected in
theory because the relocalization is constrained more with increas-
ing a. However, we note that the static relocalization is sensitive to
small variation in the tuning parameter. As for the model error, it
varies with a, but the variation is less apparent. We also note that the
model error is high for all a values, which indicates that the model
reconstructions are not satisfactory. The relocalization at the first
and last iterations (Figure 23c and 23d, respectively) is as expected;
the values decrease with increasing « values. It is interesting to note
that the relocalization value at the last iteration for small  values is
high. This means that the model reconstruction is not satisfactory;
otherwise, the relocalization would tend to zero.

The reconstructed models that correspond to the selected a values
are shown in Figure 24. The selected a values are shown as circles
in Figure 23a and 23b. This approach appears to be sensitive to
the choice of @. Small variations in the tuning parameter lead to
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Figure 23. Tuning parameter a impact on extended-receiver FWI
with static relocalization. (a) Normalized cost at the last iteration,
(b) reconstructed model error, (c) relocalization at the first iteration,
and (d) relocalization at the last iteration. The lower two panels show
plots for the leftmost, center, and rightmost shotpoints. The black
labeled circles in (a) and (b) correspond to selected a values, whose
corresponding final models are shown in Figure 24, where each
model label corresponds to an « value with the same label.



Downloaded 09/19/25 to 130.190.247.198. Redistribution subject to SEG license or copyright; see Terms of Use at http://library.seg.org/page/policies/terms

DOI:10.1190/ge02025-0153.1

R402

a significant change in the reconstructed model. This means that the
static relocalization approach is difficult to tune.

Time-dependent relocalization: Sensitivity to

We perform a similar numerical experiment using our time-de-
pendent strategy, in which we set # = 0.25 and test 24a € [0, 1].
The results are shown in Figure 25. The choice of a appears to have
less impact on the cost function at the last iteration, and lower values
are reached; this is not the case for the static approach. Note that we
use the same normalization to obtain the normalized cost for the
static and the time-dependent approaches, which is done to keep
the cost function plots comparable. The tuning parameter does
not have a significant impact on the model error, and we also note
that a lower model error is reached for all a values compared with
the static counterpart. The impact of this tuning parameter on the
relocalization at the first iteration appears to be roughly linear be-
cause the relocalization decreases with increasing a, which is an
expected behavior. As for the last iteration, a appears to have no
observable effect, and the relocalization tends to zero. This is an
indication of good model reconstruction. Our approach appears
to be less sensitive to the choice of the tuning parameter a. We show
the reconstructed models (Figure 26) corresponding to the same se-
lected a values for the static case. These values are indicated by the
black labeled circles in Figure 25a and 25b. The effect of @ on the
reconstruction appears to be minimal. This is an encouraging ob-
servation because it means that the method is easy to tune. For these
tests, the f value has been kept constant, so how does our method
behave when « and f are perturbed? To answer this question, we
devise a parametric study, which we discuss in the next paragraphs.

Time-dependent relocalization: Sensitivity to a and f

To understand how the two tuning parameters a and f impact our
strategy, we conduct a parametric study scanning for different o and
p values. This is a computationally expensive test; therefore, we use
a nonregular grid. The tuning parameters values are shown in
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Table 1, where the first row shows a and f values that we consider
and the second row shows the additional values that are considered
only for the f parameter.

Following the same setup as previously, we run extended-
receiver FWI for 300 iterations for each combination of « and f.
We show the result in Figure 27 using a logarithmic scale for both
axes. Similar to the previous test, the time-dependent strategy ap-
pears to be less sensitive to the choice of a. This can be seen in the
cost obtained at the last iteration and in the model error, as shown in
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Figure 25. Tuning parameter @ impact on extended-receiver FWI
with time-dependent relocalization. (a) Normalized cost at the last
iteration, (b) reconstructed model error, (c) relocalization at the first
iteration, and (d) relocalization at the last iteration. The lower two
panels show plots for the leftmost, center, and rightmost shotpoints.
The black labeled circles in (a) and (b) correspond to selected o val-
ues, whose corresponding final models are shown in Figure 26, where
each model label corresponds to an a value with the same label.
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Figure 24. Tuning parameter o impact on velocity reconstruction using extended-receiver FWI with static relocalization: (a) a = 0.125,
(b) a =0.333, (¢c) a = 0.375, (d) @ = 0.4167, (e) a = 0.5833, and (f) @ = 0.7917. Each subfigure label corresponds to an a value indicated

by black labeled circles in Figure 23a and 23b.
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Figure 27a and 27b, respectively. The minimum cost is obtained for
a = 0.025 and # = 0.25, and the minimum model error is obtained
for @ = 0.0075 and = 0.75. We show the corresponding final
models in Figure 28a and 28b. The reconstructed models are mostly
good regardless of the choice of the tuning parameters. However,
for large f values, the model reconstruction is impacted, which can
be seen on the relocalization (leftmost and rightmost shotpoints).
This occurs when S is large; the method then behaves as static
relocalization, with the receiver speed being heavily constrained.
To verity this, we select two points, which correspond to a higher
cost and model error; they are shown as diamonds in Figure 29. The
yellow diamond corresponds to @ = 0.0005 and f = 0.1, and the
black diamond corresponds to @ =0.05 and f = 1. The corre-
sponding models are shown in Figure 29. The yellow point model
reconstruction is satisfactory even though it corresponds to a rela-
tively high cost and model error. As for the black point (upper right
corner), the reconstruction is not satisfactory; because the receiver
speed is constrained very much, it is essentially static extension.
In fact, the reconstructed model is somewhat similar to the one
obtained with static extension (Figure 15). The best results are ob-
tained for reasonably low S values (not greater than 0.75 based on
our findings from this experiment). This test concludes the inves-
tigations done in inverse crime settings. Next, we design a more
realistic experimental setup.

Realistic settings
We now use the same North Sea exploration-scale 2D synthetic

model in a more realistic setting. First, the observed data are com-
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puted under the viscoacoustic approximation using the Vp, p, and QOp
models shown in Figure 30. The source wavelet is a Ricker wavelet
centered at 4 Hz. It is filtered with a high-pass filter with a cutoff
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Figure 27. Tuning parameters impact on the (a) cost function at the
last iteration, (b) model error, and (c and d) receiver relocalization,
shown here for (c) the leftmost and (d) the rightmost shotpoints. The
diamonds indicate two experiments: the yellow diamond corre-
sponds to a = 0.0005 and f = 0.1, and the black diamond in
the upper right corner corresponds to @ = 0.05 and f = 1. We show
the corresponding models in subsequent figures.
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Figure 26. Tuning parameter @ impact on velocity reconstruction using extended-receiver FWI with time-dependent relocalization:
(@) a=0.125, (b) a =0.333, (c) a =0.375, (d) a =0.4167, (¢) a = 0.5833, and (f) a = 0.7917. Each subfigure label corresponds to

an «a value indicated by black labeled circles in Figure 25a and 25b.

Table 1. The a and f values used in the parametric study.

a, p 0.0003 0.0005 0.0008 0.001 0.002
p 0.0025 0.005 0.0075 0.01 0.025

0.005 0.0075 0.01 0.025 0.05
0.0500 0.075 0.1 0.25 0.75 1.0 1.25

The first row shows the values considered for a and f, and the second row shows the additional values we test only for j.
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frequency of 2 Hz. As for the acquisition, it is a fixed-spread setup,
with 128 sources with 117.5 m spacing and 150 receivers with 100 m
spacing. The discretization step used for the finite differences is set to
12.5 m, the time step is set to 0.0015 s, and the number of time steps
is 6000. The data are decimated to a time step of 0.003 s, and a band-
limited Gaussian noise is added (Figure 31). The discretization step
used for the forward computations during the inversion is set to 25 m.
For the receiver extension, we set @ = 0.01 for the static and time-
dependent cases. Only for the time-dependent approach, we set
£ = 0.0025, and the time-dependent relocalization is parameterized
with one segment and two control points.

The starting velocity model is a 1D model (obtained with
ViP(z) = 0.38z + V), and the starting density model is ob-
tained using Gardner’s law on the starting velocity model, which
is given by p(x) = 1740(1073V(x))(1/4). The quality factor is set
to 100 everywhere except in the water layer, where it is set to
1000. The starting models are shown in Figure 32. For these
numerical tests, we only update the velocity during the inversion.
First, we perform a source time function estimation in the starting
velocity model (Pratt, 1999), the result of which is shown in
Figure 33. The inversion is performed for 300 iterations using con-
ventional FWI, static receiver extension, and time-dependent
receiver extension, with the previously computed wavelet.

We show the reconstructed models after the 15, 110, 205, and
300 iterations in Figure 34. As expected, conventional FWI is un-
able to reconstruct the velocity from the 1D starting model. Static
relocalization performs slightly better; however, some high-veloc-
ity artifacts are present in the low-velocity anomaly in the center of
the model. The time-dependent approach provides the best model
reconstruction. The low-velocity anomaly is fully reconstructed as
well as most of the higher-velocity basement. We show the data fit
and the relocalization gathers for the first and last iterations for
both approaches in Figures 35 and 36. A good fit is obtained
at the first iteration for both strategies. However, at the last iter-
ation, the data fit prior to relocalization is better for the time-de-
pendent case. Moreover, the receiver relocalization is lower at the
last iteration for the time-dependent case, which indicates a better
model reconstruction. These results in a 2D realistic setting are
encouraging.

Figure 28. Reconstructed models corresponding a)
to the (a) lowest cost and (b) lowest model error 0
(Figure 27).

Distance (km) b)
0

Benziane et al.

DISCUSSION

In this section, we discuss the following three points: (1) the choice
of PSO as our global optimization scheme, (2) the computational
overhead of our strategy with respect to more conventional FWT ap-
proaches, and (3) some analogies of our time-dependent receiver ex-
tension approach with source extension methods and DTW.

Choice of a global optimizer

In a previous work (Benziane et al., 2023), we have investigated
various methods for the solution of the inner-loop problem, namely,
MCMC methods (Aster et al., 2013), simulated annealing (Sen and

Distance (km)

-

Figure 30. True models used to generate the observed data. (a) Veloc-
ity, (b) density, and (c) quality factor. The density and the quality
factor in the water layer are 1000kgm™ and 1000, respectively.
The color bars in (b) and (c) are clipped for clarity; therefore, the
color in the water layer is not representative of the true values.
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Figure 29. Reconstructed models corresponding
to the two experiments shown as diamonds in Fig-
ure 27. (a) Yellow diamond with a = 0.0005 and
f = 0.1 and (b) black diamond with & = 0.05 and
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Stoffa, 2013), and a variation of it, VFSA (Ingber, ) 0 5000 10000 15000 ) 0 5000 10000 15000 ) 0 5000 10000 15000
1992, 1993). MCMC is a good method for explor- ) T 0 e 0

ing the parameter space and inferring the posterior
distribution. The sought distribution (the posterior)
is inferred by randomly sampling a proposal dis-
tribution. Each sample is either accepted or re-
jected using the Metropolis-Hastings criterion
(Metropolis et al., 1953; Hastings, 1970). How-
ever, it is very costly because many misfit evalu-
ations are required for the Markov chain to
converge to a stationary distribution. Simulated
annealing is similar to MCMC because it also uses
a Markov chain; however, the probability of ac-
cepting a candidate solution is decreased along
the iterations, making use of the so-called “cooling
schedules.” The cooling schedule forces the accep-
tance probability to be large for most candidate
solutions at earlier iterations, which translates to
a high acceptance rate. This probability is reduced using the cooling
schedule, which could drastically reduce the acceptance rate. Simu-
lated annealing is not very well adapted to our problem because it
suffers from premature convergence. This premature convergence
to a local minimum occurs when the best candidate reached by
the Markov chain is a local minimizer, while the probability of accep-
tance decreases, making this local minimizer overwhelmingly prob-
able. Furthermore, it is notoriously difficult to tune, namely, choosing
a cooling schedule and its parameters. VESA suffers from conver-
gence issues for our problem, though it is easier to tune than conven-
tional simulated annealing because it relies on a single cooling
schedule and a single generating distribution, which reduces the num-
ber of tuning parameters. Grid search is costly even for the simplest
parameterization we can consider (one segment with a first-order La-
grange polynomial, giving a 2D problem).

To illustrate this, we use a North Sea exploration-scale synthetic
model. We keep the same setup, which is shown in Figure 9. We
consider two segments with first-order Lagrange polynomials, giving
a three degrees of freedom problem. We compare different global
optimization schemes, namely, MCMC, VFSA, and PSO. First,
we sample the inner-loop misfit function using MCMC (Figure 37).
This plot is obtained by crossplotting each dimension against another,
couple by couple. In other words, for a given point sampled by
MCMC in this 3D space with the coordinates (a;, a,, a3), we plot
its position in two dimensions as follows: a; is plotted against a, and
then against a3. We assign the value of the cost function to the sample
by providing the color map shown. The diagonal shows the histo-
gram in each dimension. Because of the MCMC sampling, we
can see the inner-loop misfit function, which contains many local
minima. The misfit function corresponding to the couples asz/a;
and a,/as varies slowly compared with the other couples, and the
histograms for a3 are flat. This is expected because points a; and
as correspond to the start and end of the seismic trace, respectively.
The data values at early times and at very late time (time steps closer
to the end of the trace) are close to zero. This reduces the sensitivity to
a; and as, and this is particularly true for as.

We carry out the inner-loop optimization using MCMC, VFSA,
and PSO. The evolution of the cost as a function of iterations is
shown in Figure 38. Note that the MCMC plot shows only samples
that reduce the cost function; otherwise, the plot would be cluttered.
For this MCMC example, a total of 2.5 X 10° misfit evaluations

Figure 31. The observed data computed in a North Sea exploration-scale synthetic
model: (a) leftmost shot gather, (b) center shot gather, and (c) rightmost shot gather.
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Figure 32. Starting models: (a) 1D velocity model, (b) density ob-
tained using Gardner’s law, and (c) quality factor set to 100 every-
where and 1000 in the water column. The color bars in (b) and
(c) are clipped for clarity. As a result, the color in the water layer
is not representative of the true values.
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Figure 33. Source wavelet estimation in the starting velocity
model: (a) source time function and (b) source frequency amplitude
spectrum.
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Figure 34. Reconstructed velocity models for (a—d) conventional FWI, (e-h) static receiver extension, and (i-1) time-dependent receiver ex-
tension: (a, e, and i) 15 iterations, (b, f, and j) 110 iterations, (c, g, and k) 205 iterations, and (d, h, and 1) 300 iterations.
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Figure 35. Synthetic and observed shot gathers as well as the re-
localization gathers for the static case. The calculated data are dis-
played in a red and blue color scale, and the observed data are
shown in grayscale. If only blue and black are apparent on the wig-
gles, a good fit is obtained; if red is shown, then the fit is not sat-
isfactory. (a and d) Data fit before relocalization; (b and e) data fit
after relocalization; and (c and f) relocalization gather, which has
the same dimension as the shot gather. The first iteration is shown
in (a)—(c), and the last iteration is shown in (d)—(f).
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Figure 36. Synthetic and observed shot gathers as well as the re-
localization gathers for the time-dependent case. The calculated
data are displayed in a red and blue color scale, and the observed
data are shown in grayscale. If only blue and black are apparent on
the wiggles, a good fit is obtained; if red is shown, then the fit is not
satisfactory. (a and d) Data fit before relocalization; (b and e) data fit
after relocalization; and (c and f) relocalization gather, which it has
the same dimension as the shot gather. The first iteration is shown in
(a)—(c), and the last iteration is shown in (d)—(f).



Downloaded 09/19/25 to 130.190.247.198. Redistribution subject to SEG license or copyright; see Terms of Use at http://library.seg.org/page/policies/terms

DOI:10.1190/ge02025-0153.1

Time-dependent receiver extension

have been performed. However, the plots show only 25,000 samples
because we did a burn-in period of 5000 iterations and a skipping step
of 500 iterations. This is done to avoid the correlation effects between
samples, which stem from the pseudorandom number generation
process (Aster et al., 2013). MCMC provides a good solution, but
it requires a large number of cost function evalu-

ations. VESA does not converge to a meaningful

R407

Analogies with source extension and DTW

Please note that receiver extension methods (described here) are
not the reciprocal of source extension methods. Receiver extension
is a receiver relocalization problem, where the added freedom is the

solution, which is clear in the cost function plot.
PSO gave the most interesting result, converging
quickly to the global minimum. This population-
based strategy is well adapted to our problem, as
shown in Figure 38b. The personal best cost for
few particles is shown; different particles explore
in the vicinity of various minima, leading to a con-
vergent behavior of the swarm. Therefore, we use
PSO for the inner-loop optimization. Furthermore,
PSO tuning is less challenging given the few pub-
lished meta-optimization studies (Pedersen, 2010;
Mason et al., 2018) where we obtained the PSO
parameters.

Realizations

Computational cost

The central processing unit (CPU) times
shown in Table 2 correspond to the realistic set-
ting example we showed previously (Figure 30).
Please note that we use CARFS for the gradient
computation (Yang et al., 2016a) for all our
numerical experiments. We have a slight increase
in the forward computation CPU time for static
and time-dependent receiver extension, and this
is caused by the decimation and storage of a por-
tion of the wavefield that we use for the exten-
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sion. The main computation overhead comes ~2000
from the inner-loop optimization. The computa-
tional burden for the static receiver extension is
minor. However, for the time-dependent ap-
proach, the inner-loop computation is more im-
portant. An increase in the gradient computation
CPU time is caused by the adjoint-source injec-
tion. Recall the adjoint equation

{A(m)”s [m, Ax(1)] (x,1) = 3200, R [Ax, (1)) g [m] (X, +Ax,(1).1)

ﬁs [m] (Xr + Axr(l‘)7 t) = dcal.x [m] (Xr + Axr(l‘)7 t) - dobs,s (er t)
(38)

The cost of adjoint simulation is more important for the time-de-
pendent approach because we use Kaiser-windowed sinc interpola-
tion (Hicks, 2002) to inject the adjoint sources at moving receiver
positions. This is performed for all receivers at every time step. Even
though the cost increase is not negligible, it is certainly manageable.
In addition, the convergence to a good model is obtained faster.

To put the computation overhead into perspective, we take a look at
the time complexities. The time complexities for the forward and ad-
joint simulations are O(n?) in two dimensions and O(n?) in three
dimensions. As for the inner loop, the complexity in terms of the num-
ber of receivers is O(n) in two dimensions and O(n?) in three dimen-
sions. The large number of receivers in three dimensions can constitute
a bottleneck. We address this point in the conclusion of this paper.

a3 (m)

=301
2000 -2000 0 2000 -2000 0 2000
az (m) a3 (m)

Figure 37. Corner plot of the misfit function sampled by MCMC for three model param-
eters (a; , a,, as). The off-diagonal panels show the 2D joint distributions for each
parameter pair, with each sample colored by its corresponding misfit value. The diagonal
panels show the 1D marginal distribution for each parameter as a histogram.
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Figure 38. Cost function values as a function of inner-loop itera-
tions for one receiver. (a) MCMC candidates that lower the cost
functions are shown in black, PSO global-best cost is shown in
green, and VFSA best solutions are shown in magenta. (b) The per-
sonal-best cost function of few particles as a function of iterations.



Downloaded 09/19/25 to 130.190.247.198. Redistribution subject to SEG license or copyright; see Terms of Use at http://library.seg.org/page/policies/terms
DOI:10.1190/ge02025-0153.1

R408 Benziane et al.

Table 2. The CPU times in seconds for different steps of the
computation.

Inner loop Adjoint
Inner per simulation + gradient
Forward loop  receiver summation

Conventional 17.6 — — 66.4

FWI

Static 21.9 21 14x1072 70.2

Time 22.1 53.7 03 74.6
dependent

receiver position. In contrast, source extension methods are a wave-
field extension method. The wavefield (or equivalently, the source
term) serves to relax the original FWI problem: instead of being
computed as a solution of the wave equation up to machine preci-
sion, a least-squares trade-off between the satisfaction of the wave
equation and the fit to the data is performed. Thus, source extension
and receiver extension are fundamentally different.

Another point we would like to bring to the attention of readers is
the potential analogy between the time-dependent receiver extension
described in this study and DTW of seismic images (Hale, 2013).
DTW aims to align two time series by applying a time-varying time
shift. In other words, the sought trace is obtained by assigning sam-
ples from one trace onto the other. In contrast, our time-dependent
receiver extension aligns two traces by applying a time-varying space
shift of the receiver position. Therefore, although the former obtains
the trace by a nonphysical distortion and dilation of the phases, the
latter (our strategy) provides a solution, which is always a solution of
the wave equation. This point is crucial and is at the core of the effi-
cacy of the strategy, especially the convexity of the misfit function
with respect to m in the outer loop. This point is illustrated in a sche-
matic example in Appendix C.

CONCLUSION AND PERSPECTIVES

Extended-receiver FWI with time-dependent relocalization has
shown promising results. The ease with which this method is di-
rectly applied to time-domain FWI and the simplicity of tuning
its misfit function are very encouraging. Another advantage is that
there is no need to adjust the tuning parameters during the inversion.
The speed of convergence from very crude starting models is an-
other attractive feature. However, the method comes with a nonne-
gligible but certainly manageable computation cost.

We would like to mention a possible limitation of the method for
reconstructing attenuation parameters. Because receiver extension
impacts the amplitude of the data (geometrical spreading) and
the frequency content (Doppler effect), this could constitute an am-
biguity to reconstruct attenuation parameters such as quality factors.
A potential strategy to overcome this difficulty is to use our method
as a robust velocity model-building tool and then invert attenuation
using conventional FWI when the velocity estimate has improved.
Nevertheless, further investigation is required.

The next step of our work is extending the method to three
dimensions as well as an application to a field data set. The 3D
extension of this method relies on the idea of allowing the receivers
to move either toward or away from the source, following a fixed
angle defined by the source and receiver positions. The preliminary
results in 3D synthetic settings are encouraging.

The 3D implementation comes with a caveat: the increasing num-
ber of receivers. This has encouraged us to develop an alternative
parameterization and optimization for the inner loop to make the
cost manageable for 3D application. This strategy relies on the ob-
servation that the receiver relocalization problem is broken down
into a series of nested smaller problems, in a similar fashion
to DTW (Hale, 2013), which can be solved deterministically. This
approach is considerably less costly than the stochastic approach
described herein. Testing in 3D settings using our dynamic pro-
gramming approach is ongoing.

Another point of interest is multicomponent FWI (Cao et al.,
2022) because the method has been developed and tested for 1C
(hydrophone) data to date. It also might be interesting to investigate
the feasibility of receiver extension using a polarization-based mis-
fit function (Sambolian et al., 2022).
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APPENDIX A

FULL MISFIT FUNCTION EXPRESSION FOR
EXTENDED-RECEIVER FWI

We write the full expression of the receiver extension misfit
function:

min f(m, Ax)
m,Ax
*mln / cals ](X +Axr»t) dobss( t)|2dt
m, Ax2 ==

(A-1)

S5 s 21251

s=1 r=1

The second term in the right-hand side is the penalty term (P; in
equation 8); it prevents the relocalization from being too large and
forces the receiver to its original position as the model estimate im-
proves. In this penalty term, L is the maximum allowed receiver
relocalization, and « is a tuning parameter.

Similarly, we write the misfit function of the extended-receiver
FWI with time-dependent relocalization:
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mﬂ%} (m,Ax(1))

A —d s 5 (X,.1) [2dt
m, Ax(t)z po / C““ X rAx ( ) ) Dbs,s(xr )‘

A
2ZanobWuZ” 0l

s=1 r=1

ﬂ 1A%, ()3
ZZ”dobner V%nax 2-

_s—l r=1

(A-2)

The second term in the right-hand side of equation A-2 (P; in
equation 19) penalizes the receiver relocalization to prevent it from
being too large and to force it to become small along iterations.
Here, L is the maximum allowed receiver relocalization, and «
is a tuning parameter for weighting this penalty term. Similarly,
the third term in the right-hand side of equation A-2 (P, in equa-
tion 19) penalizes the receiver speed (the first-order derivative with
respect to time of the receiver relocalization). Here, V., is the
maximum allowed receiver speed and f is a tuning parameter.

APPENDIX B
THE TERM P, AND THE DOPPLER EFFECT

The second penalty term is added to constrain the receiver speed.
This is important because moving receivers or moving sources alter
the frequency content of the data. In our case, we encounter both
situations. The calculated data extraction from the wavefield at a
moving receiver positions, with a stationary source, causes a change
in the frequency content. A moving source is encountered during
the adjoint simulation, where the adjoint source (our receiver) is
moving as a function of time, which in turn can cause the frequency
content change. These frequency content changes are attributed to
the Doppler effect. For the moving receiver case, these effects can
be better understood by looking at the Doppler effect formula:

v, Lt
f= £ rf 0> (B-1)

p

where f is the observed frequency, f, is the emitted frequency, v, is
the medium velocity, and v, is the receiver speed. The latter is added
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Figure B-1. Calculated data amplitude spectrum for three cases: time-
dependent relocalization without the second penalty term (f = O,
shown in red) and with the second penalty term (# = 0.001) as well
as the static case (f = oo). The notches in the spectra are caused by the
free-surface reflection.
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if the receiver is moving toward the source and subtracted in the
other case. Equation B-1 is for the case where the source is station-
ary and the receiver is moving. If the source is moving and the
receiver is stationary (the adjoint simulation), the observed fre-
quency is given by

f=—2_g (B-2)
v, £v,” "

P

where v, is the source speed; it is added if the source is moving
away from the source, and it is subtracted in the other case. We
illustrate the moving receiver case in Figure B-1 using the same
two-layer setup shown in Figure 4. The spectrum of the calculated
data, which is extracted at the time-dependent receiver position
without using the second penalty term (S = 0), is shown in red.
The blue curve is obtained with = 0.001, and the green curve
is for the static relocalization case. (The receiver position does
not depend on time.) We can see that the spectrum is different
in the case where no constraint is imposed on the receiver speed
(red plot). In particular, energy at low frequencies is added due
to the Doppler effect for a receiver moving away from the source.
When the receiver speed is constrained (f = 0.001), the spectrum is
much closer to the one obtained with f = oo, therefore mitigating
the Doppler effect.

Another interesting observation can be made for the experiment
where the source is moving (an adjoint source, our receiver). The
adjoint field at time 3.18 s is shown in Figure B-2a. The source is
moving to the right at a speed that is higher than the medium veloc-
ity, and the structure that appears on the left of the moving source is
called a Mach cone. The gradient resulting from this adjoint field is
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Figure B-2. Gradient computation with f = 0: (a) adjoint field
snapshot at 3.18. s where the extended receiver (adjoint source) is
moving to the right, causing the Mach cone shape in the wavefield.
(b) Extended-receiver FWI kernel, with receiver positions shown,
and the color indicates the receiver speed.
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shown in Figure B-2b. The positions occupied by the moving
receiver are superimposed to the gradient, and the color map indi-
cates the receiver speed. Numerical artifacts are present in our gra-
dient, which are caused by the frequency increase, which in turn
stems from the Doppler effect.

APPENDIX C

ON THE ANALOGY BETWEEN TIME-DEPENDENT
RECEIVER EXTENSION AND DTW

DTW aligns two time series by applying sample-by-sample
shifts; in other words, it applies a time-varying time shift. This tech-
nique has been used for decades in speech recognition (Sakoe and
Chiba, 1978). Hale (2013) proposes a DTW algorithm for seismic
traces and images. DTW can be used as a misfit function, as intro-
duced by Ma and Hale (2013). The authors formulate a wave equa-
tion reflection traveltime tomography method, where the
traveltimes are obtained using DTW. Wave equation reflection trav-
eltime tomography writes

(C-1)

. R R E ,
min fr(m) =min Y~ [ 6 (07

s=1 r=1

where 7 is the optimal time-dependent time shift, which is obtained
using

TSJ'

S O'[,

(C-2)

7, = argmin D (I), subjectto
!

with

Ds,r(l) = / |dcal.s(xr’ t+ l,(l‘)) - dobs,s(xr’ t)‘zdh (C'3)

where [,(¢) is a time-dependent time shift. The constrained minimi-
zation in equation C-2 is solved using dynamic programming (Hale,
2013). The constraint in dynamic programming controls the amount
of shift allowed from one time sample to the next, tuned by the
quantity o,. Then, the wave equation tomography misfit function
in equation C-1 is minimized.

DTW also can be used as an extension method, aiming to align
the data in inaccurate models. The following two-variable optimi-
zation problem is therefore considered (Huang et al., 2021):
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Figure C-1. Experimental setup. The source is shown as a star, the
receiver as a red triangle, and the extended receiver as a blue triangle.
Please note that the extended receiver position changes for each velocity.
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The analogy between our time-dependent receiver extension
method and DTW is thus clear when DTW is used as an extension
method. As a reminder, our time-dependent receiver extension
method writes
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Figure C-2. Comparison of receiver extension and DTW: (a) misfit
computed for different velocities; (b) conventional FWI case: ob-
served data (dashed black line) and two synthetic traces corresponding
to low and high velocities (blue and red squares in [a], respectively);
(c) DTW case: observed trace synthetic traces corresponding to low
and high velocities (blue and red squares, respectively, in [a]); and
(d) receiver extension case: observed trace, synthetic traces corre-
sponding to low and high velocities (blue and red squares in [a]).
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where the synthetic data are extracted at time-dependent receiver
positions x, + Ax, ,(f) from the synthetic wavefield. The strong
correspondence between DTW as an extension method and our
time-dependent receiver extension method is clear from equa-
tions C-4 and C-5.

However, despite this analogy, there is a fundamental difference
that we want to stress. Although DTW aligns the data by applying a
time-varying time shift and therefore compressing and dilating the
traces, impacting the phase of the data, and the amplitudes, in a
nonphysical way, our time-dependent receiver extension method
generates “extended” traces, which are always solutions of the wave
equation. This difference might appear anecdotic, but we illustrate
in the following example why this is fundamental.

Consider the canonical setting (Figure C-1): in a homogeneous
medium with the true velocity 2000 ms™!, we compute the misfit
function depending on velocities ranging from 1500 to 2500 ms™'.
This is straightforward for least-squares-based conventional FWI. For
DTW and time-dependent receiver extension, we compute this misfit
for the optimal time-shift function (in the case of DTW) and time-
dependent receiver shift (in the case of time-dependent receiver ex-
tension). This is the misfit function that would correspond to the outer
loop in both cases, the one we hope the extension makes convex.

As shown in Figure C-2a, the resulting misfit function in the case
of DTW is nonconvex, but the one corresponding to the receiver
extension is convex. To understand why, it is good to see how both
extensions align the traces in time in incorrect velocity models.
What we can see from Figure C-2b—C-2d is that the time-shift align-
ment is imperfect, leading to a nonzero data-misfit term in the misfit
function (equation C-4). The alignment with receiver extension is
imperfect as well. The main difference is that the “aligned” data, in
the receiver extension case, are kinematically compatible with the
observed data, with only an amplitude difference associated with
the physics of wave propagation (geometrical spreading). This am-
plitude attribute depends quadratically on the velocity and hence the
convexity of the receiver extension misfit function. In contrast, the
misfit between the DTW aligned data and observed data does not
behave monotonically with respect to the velocity. One way to over-
come this difficulty is to switch to the misfit function modification
version of DTW (as shown in equation C-1), which is a purely to-
mographic misfit function; however, this involves other difficulties
slightly outside the scope of our study, including the requirement to
use a connectivity function to compute the gradient of the misfit
function (Luo and Schuster, 1991) and less robustness or effective-
ness of this purely kinematic misfit function compared with the
extension method where the least-squares fit to the data is kept.
It also might be possible to investigate appropriate penalty weight
to make the DTW extension behave better; however, this also is
beyond the scope of this study. However, we would like to stress

the fact that time-dependent receiver extension is easy to tune
because it is not very sensitive to its tuning parameters, as illustrated
in this study. This fundamental difference is at the core of our in-
terest in the receiver extension strategy.
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